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Group refractive index calculation by difference
approximation for length measurement
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In this study, the possibility of employing a difference approximation to facilitate calculation of the group refractive index of air (GRA) was
investigated. The forward, backward, and central difference methods were used to numerically approximate the first-order derivatives of
the phase refractive index based on the Edlén empirical equations. To confirm the validity of the calculations, the calculated results were
compared with the theoretical analysis results and the values in a related paper. It was found that the GRA computation could be easily
approximated by the two-point central difference method with a step size of 10 nm.
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1 INTRODUCTION

In recent years, femtosecond optical frequency comb (FOFC)-
based length measurements have gained considerable atten-
tion. Among these length measurement methods, adjacent
pulse repetition interval length (APRIL)-based measurements
[1]-[13] have been demonstrated to be technically feasible.
The APRIL is a coherent representation of individual wave-
lengths. In these experiments, the APRIL was used as the ruler
length instead of the wavelengths. In general, lengths mea-
sured in air vary depending on the refractive index of the
air. In wavelength-based length measurements, the phase re-
fractive index of air (PRA) is used to obtain the length in a
vacuum. However, in APRIL-based length measurements, the
group refractive index of air (GRA) must be calculated to de-
termine the length in a vacuum.

As discussed in the Methods section, the GRA can be calcu-
lated by taking the derivative of the PRA. In practice, it is tech-
nically difficult to obtain GRA values due to the complexity of
the differentiation of the empirical formula. Not all non-expert
users are skilled at performing differential calculations.

It is well known that differentiation can be approximated by
difference approximation [14, 15]. Reliable PRA calculators
(for example, [16]) that can provide PRA values for specific
wavelengths under specified environmental conditions exist
on the internet.

Based on these two facts, in this paper, we discuss the pos-
sibility of using difference approximation methods to calcu-
late GRAs. Difference approximations were performed on an
empirical equation, and the calculated results were compared

Received October 20, 2015; revised ms. received January 30, 2016; published February 23, 2016

with the theoretical results as well as with the values given
in a related paper. Based on our results, we concluded that
the two-point central difference method is as an acceptable
means of numerically approximating GRAs. To the best of the
authors’ knowledge, the determination of specific GRA val-
ues based on difference approximation methods has not been
investigated previously. We expect to be able to contribute to
the accessibility of GRA based on four arithmetic operations
for non-expert users.

This paper is organized as follows. First, we recall the basic
difference approximation principles in Section 2. The numer-
ical calculations are described in Section 3. Finally, the main
conclusions are given in Section 4.

2 METHODS

In general, a GRA can be calculated as follows [17]:

ng()\cen_vac) an()\cen_vac) — Acen_vac

X (dnp(Avac)/dAvac)rcen vac + (1)

where Ayacis the wavelength in a vacuum, n,(Avac) is the
PRA, Acen_vac is the central wavelength of the FOFC, and
(dnp(Avac)/dAvac) acen vac i the derivative of the function
y = ﬂp (Avac) at Avac = Acen_vac. More details about the
FOFC can be found in Ref. [18]. To calculate PRAs, different
empirical formulas [16], [19]-[21] are often used. Because of
the limit on the length of this paper, we only discuss the Edlen
empirical equations herein. In the Edlén empirical equations
[16, 20, 21], which were the focus of this study, a PRA can be
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derived from the wavelength Avac, temperature T, barometric
pressure P, and humidity H as n, = f(Avac, T, P, H).

In general, derivatives can be approximated by using dif-
ference approximations [14, 15]. Three methods of numer-
ically approximating first-order derivatives are often used,

namely, the two-point forward n% forw (Avac), two-point

backward n’ (Avac), and two-point central difference

p-backw
"/p,cent (Avac) methods. The difference approximation equa-

tions can be found in Refs. [14] and [15].

One of the goals of this paper is to qualify the value of the
wavelength interval AA of the difference approximations re-
quired to ensure the accuracy of the approximation.

3 NUMERICAL CALCULATIONS AND
RESULTS

A series of numerical calculation methods were investigated
to determine which could be used to simplify the GRA cal-
culation procedure. Specifically, the forward, backward, and
central difference methods were used to numerically approx-
imate the first-order derivatives of the PRA to identify which
yielded the best accuracy. To confirm the validity of the calcu-
lations, we compared the calculated results with the results of
theoretical analysis and the values given in a related paper.

The first numerical calculations were performed using
Avac = 1560 nm with the following environmental conditions:
T =20°C, P =101.325 kPa, and H = 50%. In Fig. 1, the
absolute value of difference, which is the absolute value of
the difference between the exact (theoretical) value (n’ (1560))
and the approximate value, is plotted against the step size
AA. To obtain this plot, we used the phase refractive index
equations given in Ref. [16]. The formula used to perform
the calculations can be easily accessed via the internet
[16]. Based on their definitions, the approximate values of

ni)J:OI'W (1560)’ ni:)fbackw (1560)l and n/p,cent (1560) were

calculated for different AA values. The exact value of n’ (1560)
was calculated by obtaining #n’ (Avac)using differential
calculus [22] and substituting Avac = 1560 nm and was
determined to be 1.000269395. The analytical differential
calculus formula is complex. To access the program code for
free, please contact the corresponding author via e-mail.

It is well known that forward and backward difference ap-
proximations are accurate to order AA. The central difference
approximation is thus accurate to order (AA)2. Therefore, for
small values of AA, central approximations will generally
be more accurate than either forward or backward approx-
imations. Our calculated results are consistent with this
tendency. As shown in Figure 1, as AA decreases, the absolute
value of the difference increases. This trend is apparent
because the PRA values were calculated as decimals and
rounded to nine digits. For example, via Ref. [16], we ob-
tained 1, (1560) = 1.000268147, n, (1561) = 1.000268146,
np (1559) = 1.000268148, n, (1560.1) = 1.000268147,
np (1559.9) = 1.000268147, n,(1560.01) = 1.000268147,
and np (1559.99) = 1.000268147. The accuracies of these
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FIG. 1 Change in absolute value of difference with step size AA. Vertical origins of
plots of two-point backward difference and two-point central difference are shifted for

clarity.

values were limited by the rounding error; thus, the precision
for intervals smaller than 10 nm decreased. When AA = 0.1
or 0.01 nm, there is no difference between 7, (A + AA) and
np (A —AA). The approximate values of n%) forw (1560),

1560), and n! (1560) were calculated to be

!/
np,backw ( p-cent

the same.

From Figure 1, it can be concluded that the absolute value
of difference is the smallest for AA = 10. The slope of the
GRA varies depending on Avac, T, P, and H. Therefore, we
compared the theoretical analysis results and two-point dif-
ferences for other frequencies under different environmental
conditions with AA = 10 nm.

Figure 2 shows the variation of the absolute value of the
difference with wavelength (Ayac € [310, 1690] nm) with
AN =10nm, T =20 °C, P = 101.325 kPa, and H = 50%. Since
the absolute value of the difference is the largest at 310 nm,
we address only the case of Ayac = 310 nm in the following
discussion.

The changes in absolute value of the difference with temper-
ature (T € [10, 30] °C) are shown in Figure 3. With increas-
ing temperature, the absolute value of difference decreases.
Therefore, in the following, we present only the results for
T =10°C.

The changes in the absolute value of the difference with pres-
sure (P € [60, 120]kPa) are shown in Figure 4. With increasing
pressure, the absolute value of the difference increases. There-
fore, in the following, we address only the case of P = 120 kPa.

The variation of the absolute value of the difference with hu-
midity (H € [5, 85]%) is shown in Figure 5. As can been seen
in Figures 2-5, the maximum absolute value of the difference
is about 1.5 x10~7. We also performed calculations in two spe-
cific ranges: the visible light range, 380-770 nm, and the opti-
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FIG. 2 (a) Variation of absolute value of difference with wavelength for AA = 10 nm
(T = 20 °C, P = 101.325 kPa, H = 50%). (b) Zoomed-in view of variation of absolute

value of difference based on two-point central difference method.
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FIG. 3 (a) Variation of absolute value of difference with temperature for AA = 10 nm
(Avac = 310 nm, P = 101.325 kPa, H = 50%). (b) Zoomed-in view of variation of

absolute value of difference based on two-point central difference method.

cal fiber transmittance range, 1260-1625 nm. In the visible and
optical fiber transmittance ranges, the maximum absolute val-
ues of the differences are less than 60 x10~? and 40 x10~?, re-
spectively. It is well known that the Edlén empirical equations
have an uncertainty contribution of 30-50 x1077 [16]. By com-
paring the two maximum absolute values of the differences
with this value, we consider that they are acceptable.

In each of Figures 2-5, the variation of the absolute value of
the difference forms a zigzag. This pattern originates from
the PGA calculations [16], in which the decimal results were
rounded to nine digits.
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FIG. 4 (a) Variation of absolute value of difference with pressure for AA = 10 nm
(Ayae = 310 nm, T = 10 °C, H = 50%). (b) Zoomed-in view of variation of absolute

value of difference based on two-point central difference method.

(a) x 10" .
@ L PR T—— e e by
§ L o S M
< { {
% 2l - Two—point forward difference
= —~ Two~point backward difference
2 15 ~Two-point central difference
T ] ]
g 1
32
205
=

0 20 a0 40 50 60 70 80
Humidity [%]

. —_—
Absolute value of difference -
—

"'Two—qoint central eiﬂ’erence

10 20 30 40 50 60 70 80
Humidity [%]

FIG. 5 (a) Variation of absolute value of difference with humidity for AA = 10 nm
(Avae = 310 nm, T = 10 °C, P = 120 kPa). (b) Zoomed-in view of variation of

absolute value of difference based on two-point central difference method.

By using Richardson extrapolation, the approximation error
could be further reduced. Since the two-point central differ-
ence method provides the expected approximation accuracy,
we did not estimate the value of the derivative by using more
than two data points. In conclusion, the results indicate that
the two-point central difference method can be used to obtain
acceptable approximations for GRAs with AA = 10 nm.

By comparing the two-point central difference results with
those of Ref. [22], we further confirmed the validity of the cal-
culations. Based on Ref. [22], the GRAs for wavelengths be-
tween 2000 A and 21,000 A at 15 °C, 760 mm Hg, and 0.03%
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FIG. 6 Comparison of results calculated using two-point central difference method and
Eq. (2).

CO; can be determined by using Eq. (2):

24060.30
(ng —1) x 10° = 83.4213 + m(130 +0?)
159.97

(389 4 07, 2
(389 — 02)2( +o) @
where o = 10°/A. The GRA was calculated both by Eq. (2) and
by using the two-point central difference method with a step
size of AA = 10 nm for comparison. Figure 6 shows the differ-
ence between the results obtained using these two methods.

4 CONCLUSION

We performed numerical experiments to examine the feasi-
bility of calculating GRAs by using the two-point forward,
two-point backward, and two-point central difference ap-
proximation methods. Under environmental conditions of
T € [10, 30] °C, P € [60, 120]kPa, and H € [5, 85]%, we con-
firmed the validity of the difference approximations. We de-
termined that GRA computation can be easily approximated
by the two-point central difference method and can achieve
approximation accuracies of better than 60 x10~?in both the
visible light range (380-770 nm) and the optical fiber light
transmittance range (1260-1625 nm) with AA = 10 nm. The
understanding obtained in this study will facilitate GRA cal-
culation for non-expert users by reducing the required calcu-
lations to involve just the four arithmetic operations.
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