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Intrinsic Stokes parameters for 3D and 2D polarization
states

J.]. Gil

ppgil@unizar.es

Universidad de Zaragoza, Pedro Cerbuna 12, 50009 Zaragoza, Spain

The second-order characterization of a three-dimensional (3D) state of polarization is provided either by the corresponding 3D coherency
matrix or (equivalently) by the associated 3D Stokes parameters. The analysis of the polarization properties that are invariant under
orthogonal transformations of the laboratory reference frame allows to define a set of six intrinsic Stokes parameters which provides a
simplified interpretation of 3D states of polarization in terms of meaningful physical properties. The rotationally invariant properties of 2D
states of polarization are straightforwardly retrieved in a consistent way, so that the 2D intrinsic Stokes parameters are constituted by the

intensity, the degree of linear polarization and the degree of circular polarization.
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1 INTRODUCTION

The second-order polarization properties of an electromag-
netic wave, at a given point r in the space, are completely
determined by a set of nine 3D Stokes parameters [1], which
become the customary four 2D Stokes parameters when the
components of the electric field of the wave lie in a fixed plane
that is taken to represent the two effective components. Un-
like conventional 2D Stokes parameters, 3D Stokes param-
eters have not a straightforward interpretation for arbitrary
states (in general with fluctuating direction of propagation).
The aim of this work is to define and interpret a set of six “in-
trinsic Stokes parameters”, which summarize those polariza-
tion properties that are invariant under arbitrary changes of
the laboratory reference frame. It is found that the said intrin-
sic parameters have direct and meaningful physical interpre-
tation.

The 3D polarization matrix (or coherency matrix) R is defined
as

R = (e(t) @e (1)) 1)

where ¢(t) is the 3D instantaneous Jones vector (whose three
components are the analytic signals of the electric field of the
wave), ® stands for the Kronecker product, the superscript *
denotes conjugate transposed, and the brackets indicate time
averaging over the measurement time.

Moreover, the space-time coherence-polarization properties
of a given 3D electromagnetic wave are appropriately repre-
sented by the 3D coherence-polarization matrix

J(l‘l,l'z, T) = <€(l’1, t) ® €+ (1‘2, t+ T)) (2)

whose elements are the second order moments of the analytic
signals of the field variables taken at points r; and r, and at
times ¢ and ¢ + 7.
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Unitary transformations play different roles with respect to
coherence and polarization properties. Any unitary transfor-
mation preserves the correlations between the field variables
at points r and rp, and times ¢ and t + 7. Overall measures of
these correlations are given by invariant degrees of coherence
like the electromagnetic degree of coherence [2] or the intrinsic de-
grees of coherence [3].

Unitary transformations can be classified into a) nonorthogo-
nal, which, as shown below, have necessarily to be associated
to changes of the polarization state, and b) orthogonal, which
always admit their interpretation as changes of the reference
frame (rotation in the 3D space), hence preserving those polar-
ization properties that are independent of the laboratory ref-
erence frame considered.

To clarify the above distinction, let us consider a light beam
with fixed direction of propagation Z (i.e., a 2D state of po-
larization), and a reference frame XYZ, and note that while
the azimuth of the average polarization ellipse depends on
the particular choice of the (mutually orthogonal) directions
X and Y, the intensity, the degree of polarization and the el-
lipticity of the average polarization ellipse are independent of
arbitrary rotations of the axes XY about the propagation di-
rection Z. These rotations in the real space correspond to rota-
tions of the Poincaré sphere about the 53 axis (usually repre-
sented vertically) that goes from left-circular to right-circular
polarization states. Moreover, nonorthogonal unitary trans-
formations of a 2D coherency matrix (which can physically
be realized through interposing retarders with non circular
eigenstates in the pathway of the beam) correspond to rota-
tions of the Poincaré sphere that modify the S3 axis and cannot
physically be realized, in any way, as rotations of the labora-
tory reference frame. In other words, nonorthogonal unitary
transformations of a 2D state of polarization necessarily af-
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fect the ellipticity, which is an intrinsic attribute of a given 2D
state. Analogously, nonorthogonal unitary transformations of
the coherency matrix of a 3D state can never be physically re-
alized through rotations of the laboratory reference frame (i.e.,
3D rotations in the real space).

Rotations of the laboratory reference frame XYZ are repre-
sented by 3x3 proper orthogonal matrices Q, so that the
transformed coherency matrix R’ representing the same state
as R but referred to the new reference frame, is given by
R’ = QRQ’. As proposed by Dennis [4] it is worth to con-
sider the decomposition of R into its real and imaginary parts
R = Ry + iR, where the real matrix Rg = Re(R) is symmet-
ric and positive-semidefinite, while the imaginary component
R; = Im(R) is skew-symmetric (R} = —RIT). Ry can always be
diagonalized through a particular rotation Qg of the reference
frame [4]

QoRrQJ = diag(ay, a2, a3) (0<az<ay<am) (3)

Since Ry is a positive-semidefinite symmetric matrix, it de-
fines an ellipsoid [5], centered at the origin, whose semi-
axes (aq,ap,a3) lie along the respective transformed axes
XoYoZp. As pointed out in reference [6], the diagonal ma-
trix diag (a1, a2, a3) can be interpreted as the coherency matrix
of a state composed of the incoherent superposition of three
linearly polarized pure states
diag(al,az,a3) = Rp1 + sz + R‘y3

R,1 = a; diag(1,0,0)

R,z = ap diag(0,1,0)

Rpg =da3 diag(O, 0,1) (4)

with respective intensities a1, a; and as3.

By applying the rotation Qg to the whole matrix R we get the
transformed coherency matrix [4]

Ro = diag(ay, ap,a3) + iRy,

0 —npz N2
R, = no3 0 —no1 %)
—noz  No1 0

The orthogonal matrix Qg can always be expressed as the fol-
lowing product of rotations around the respective axes ZYX

Qo = Qz(4)Qy(B)Qx(a) (6)

The rotation Qz(¢) around the Z axis has been chosen in the
indicated position in order to make easier the recovery of 2D
states (i.e. states with fixed direction of propagation) embed-
ded into the 3D representation. Obviously, any alternative se-
quence of the rotations is also physically admissible and re-
alizable. Thus, R can be parameterized through the follow-
ing nine independent parameters: the three orientation angles
(¢, «, B); the semiaxes of the intensity ellipsoid, or inertia ellip-
soid [4], given by the principal intensities (a1,a,a3), and the
three components (101, 102, no3) of the angular momentum ng
of the wave along the respective axes XpYpZo. The intensity I
of the state Rp is given by

I=trR=trRp=ay+ay+a3 7)

The intrinsic coherency matrix Rp [6] represents the same state
as that represented by R but referred to the intrinsic coordinate
frame XoYoZp. The smaller is the third principal intensity a3,
the smaller is the solid angle around the axis Zp that limits
the range of compatible orientations of ng. When as = 0, np
is forced to lie along the axis Zp, which, in turn, in this case
is precisely the well-defined direction of propagation of the
state Rp.

Up to the limits set by the restrictive inequalities de-
rived from the non-negativity of Rp [4], the quantities
(a1,a2,a3;1n01, 02, Mo3) are independent and are intrinsic
of a given coherency matrix R. We stress the fact that the
only unitary transformations of R that preserve the state
of polarization (in the sense described in the introductory
paragraphs) are those that correspond to rotations of the
Cartesian reference frame (i.e., orthogonal transformations),
and consequently Rp (and hence R) involves six polariza-
tion invariant parameters, beyond the only three physical
invariants derivable from the eigenvalues of R.

The 3D Stokes parameters are defined as sy = tr(Rwy ), where
wy are the Gell-Mann matrices (including the identity matrix
wy) or (equivalently) as

Sij = tr (Rwi]‘) (8)

where, in order to emphasize symmetry properties, the Gell-
Mann matrices have been labeled as follows

1 0 0 0 10
wo = 01 0 , Wo1 = 1 00 ’
0 01 0 00
0 01 0 —i 0
wp = 0 0 O , Wi = i 0 0 ’
1 0 0 0 0 O
1 0 0 0 00
w1 = 0 -1 0 |, wp= 0o 0 11,
0 0 O 0 10
0 0 —i 0 0 0
wy=| 00 0 , wn=| 0 0 —i |,
i 0 0 0 i O
1 1 0 0
wp=—72[01 0 |, 9)
V3 0 0 -2

so that s;; can be considered as the respective elements of the
Stokes-parameter matrix.

2 INTRINSIC STOKES PARAMETERS

The intrinsic coordinate frame XpYpZo provides a simplified
and meaningful view of the physically invariant quantities
that characterize a polarization state. In particular, the six in-
trinsic Stokes parameters are defined as the 3D Stokes parame-
ters t = tr (Rowy) associated with Ry, or, by using the dou-
ble subscript notation, as

tij = tr(Rowi;) (10)
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so that t;; are the elements of the left-triangular intrinsic Stokes-
parameter matrix

a1 +ax +as 0 0
T= 27[03 ap —ap 0 ’ (11)
—2n02 2no1 (a1 +a; —2a3)/V/3
which can also be expressed as
1 0 0
T=1I1| 2fp3 P 0 ) 12)
—2fpp 2fic1 Py/V/3

where fig) = np; /I (I = 1,2,3) are the components of the nor-
malized angular momentum vector ip = np/I. The notation
used for the diagonal elements in Eq. (12) is justified in the
following paragraphs.

In light of the above expressions, we achieve an interpretation
of the intrinsic Stokes parameters by means of the following
considerations:

* As expected, tog = a; + ap + a3 is the intensity I. Obvi-
ously, the only restriction on the value of ¢y is that it is
nonnegative.

® {11 = a3 — ap is the difference between the major and
the intermediate semiaxes of the intensity ellipsoid, i.e.,
the difference between the intensities of the linear com-
ponents along respective axes Xp and Yp. The normal-
ized parameter f;; = t;1/1 = P, gives a measure of
the relative portion of the power of the electromagnetic
wave that can be allocated as linearly polarized and, as
shown in reference [6], can properly be called the degree
of linear polarization. The maximum P, = 1 (f17 = #g)
is achieved for linearly polarized pure states. The mini-
mum P; = 0 (#17 = 0) corresponds to states constituted
by arbitrary incoherent combinations of 3D unpolarized
states (i.e. fully random 3D states) and circularly polar-
ized pure states.

ety is1/+/3 times the difference between the sum of inten-
sities of the linear components lying on the plane XpYp
and twice the intensity of the component lying on the
axis Zp. The normalized parameter fro =ty /1= Py/ V3
gives a measure of the relative portion of the power of
the electromagnetic wave that corresponds to the com-
bined contributions of the components lying on the plane
XoYo minus twice the contribution of the component ly-
ing on the axis Zp. The quantity 5, is particularly impor-
tant for the interpretation of the 3D state of polarization
because it provides an appropriate measure for its degree
of directionality Py = /3302, [6] (i.e. the lack of random-
ness of the direction of propagation). The equality P; =1
(i.e., V3502 = sogo) is satisfied by states whose fluctuat-
ing polarization ellipse remains in the fixed plane deter-
mined by XpYp (a3 = 0). Moreover, P; = 0 is satisfied
by 3D-unpolarized states.

* The intrinsic representation of the spin angular
momentum of the wave is given by the vector
no = (ta1,—t,t10)7, determined by the three off-
diagonal intrinsic Stokes parameters. Since we are

considering the polarization properties at a fixed point r
in the space and not an extensive portion of the wave-
front, the orbital angular momentum does not contribute
tong.

¢ In analogy to the case of two-dimensional states of polar-
ization, we can define the 3D degree of circular polarization
as the following quadratic average of the off-diagonal in-
trinsic Stokes parameters

P.= /B +8,+8B,=2n (13)

The maximum value of 7, fimax = 1/2, is achieved
for pure circularly polarized states, while the minimum
fimin = 0 corresponds to states constituted by incoherent
mixtures of three components linearly polarized along
the respective axes XpYpZp (with respective intensities
ay,ap,as).

* The 3D degree of polarimetric purity Psp [7, 8] (also called
3D degree of polarization [9]-[15]), defined as

|1 (3t (R?)
o 2((HRV_1> (14)

is given by the following quadratic average of the six nor-
malized intrinsic Stokes parameters

Pop = 5By B+ B+ + By

V3
2

Y2\ /P24 P24 P23 (15)

so that the sources of polarimetric purity are identi-
fied as P;, P, and P;, with independent and comple-
mentary contributions. Note that, in accordance with
Ellis et al. [16, 17] we consider preferable to reserve the
term degree of polarization for the quantity defined as
Pp = (A1 — Ay)/(trR), which is precisely the so-called
first index of polarimetric purity [7, 8, 18]. This comment
does not restrict the known fact that a complete charac-
terization of the structure of randomness of a 3D state of
polarization requires two parameters, as for instance the
two indices of polarimetric purity [7].

3 INTRINSIC STOKES PARAMETERS FOR

2D STATES EMBEDDED INTO THE 3D
REPRESENTATION

In the case of 2D states, defined by the condition P; = 1,
i.e., states where the electric field vector remains inside
a fixed plane, this plane is precisely which contains the
axes XpYp of the intrinsic coordinate frame, and there-
fore the angular momentum vector lies along the axis Zp
(tao =ty = 0,/3tpy = I). The 2D representation is re-
trieved through the 2D coherency matrix embedded into the
upper-left 2x2 submatrix of Rp

1 too + t11 —ityg 0
Ro = 3 it1g too—t11 O
0 0 0
L[ 1+R iR 0
=5 im 1-m o0 (16)
0 0 0
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and the corresponding 2D intrinsic Stokes vector t is given by

t=1(1,P,0,P.)7" (17)

The degree of polarization for 2D states is retrieved as

P= /B +By= /P21 P2 (18)

The general 2D Stokes parameters referred to an arbitrary ref-
erence frame XYZy are obtained through an arbitrary rota-
tion around the axis Zp (orthogonal to the plane containing
the fluctuating electric field of the wave).

The general 3D representation of a 2D state is obtained by ap-
plying an arbitrary rotation R = QTRpQ transforming the
intrinsic axes XpYpZo to other coordinate axes XY Z, so that
the angular momentum vector is given by

n = = (sa1, —s20,510) " (19)

N =

in terms of the Stokes parameters sp1, sy and s1g. Obviously,
the absolute value of n is invariant with respect to orthogonal

transformations:
\ s5) + 530 + 5o
I
2 2 2 _
Vi it = EPC (20)

n=|n|=

N~ N~

The direction A (along which the electric field has zero pro-
jection, Figure 1) is given by x/sy1 = —y/sx0 = z/s10 [19],
while the equation of the plane IT within which the electric
field evolves is given by sy1x — syoy + 519z = 0 [19].

Note that there are situations where the angular momentum
of the 2D state is zero (i.e., the coherency matrix is real) and
the above procedure for determining the plane IT cannot be
applied. This occurs for states constituted by incoherent com-
binations of 2D unpolarized states and 2D states whose aver-
age polarization ellipse is a straight segment (zero ellipticity).
The 3D intrinsic Stokes-parameter matrix of such particular
2D states has the form T = [ diag(1, P;,0) (with P, = 0 for un-
polarized states) and the angles «, § determining the direction
normal to the plane IT can be obtained from the orthogonal
matrix that diagonalizes Rg.

In the particular case of a pure linearly polarized state, T has
the form T = Idiag(1,1,0), and the plane IT is defined up to
a rotation about the polarization axis Xp. As shown by Shep-
pard [19], in this case the direction cosines (c1, ¢y, ¢3) for the
polarization axis Xo with respect to the arbitrary reference
frame XYZ are expressed as follows in terms of the corre-
sponding 3D Stokes parameters

2 _ 501520 2 _ 501512

2 — 2= 520512 21)
U7 2spos1n” 2 2500520

2500801

3 =

Note that the relation C% + c% + c% = 1 is satisfied because the
3D Stokes parameters of a pure state are related through the
restrictive relations derived from the condition rank Rp = 1.

FIG. 1 For a 2D polarization state, the angular momentum n determines the direction

orthogonal to the plane IT containing the fluctuating electric field.
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