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Caustic region fields of an elliptical reflector covered by
an anisotropic magnetized plasma layer
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Theoretical formulations of the electromagnetic (EM) field distribution in the focal or caustic region of an elliptical reflector with its curved
surface coated by collisional magnetized anisotropic plasma have been derived. Both parallel and perpendicular polarizations of the normal
incident wave are considered. Expressions for the EM field intensity along the focal region have been obtained accurately using Maslov’s
method. The effect of the plasma-layer thickness on the reflected and transmitted field intensity distributions was investigated. Other
physical parameters such as the plasma electron density, the cyclotron frequencies, and the collisional frequency have been noticed to
have an evident influence on the levels of the transmitted field-intensities along the focal region. The problem discussed in this paper has,
also, been solved using Kirchhoff’s approximation and the results of the two methods are found to be in a good agreement.
[DOI: http://dx.doi.org/10.2971/jeos.2015.15034]
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1 INTRODUCTION

The study of EM wave propagation in isotropic and
anisotropic plasma medium has been attracting many
researchers for many years. Numerous researches that
explored plasma as waveguides, absorbers, and reflectors
have been published recently [1]–[4]. Henceforth, deeper
understanding of the effects of plasma on the behavior of
EM field components is imperative in the current arena of
advanced technologies in microwave, millimeter-wave, and
optical device applications. Moreover, plenty of research
has been produced in the last fifty years related to reflector
antennas and their applications by different authors [5, 6].
This noticeable research work discussed many aspects of
reflector antennas such as materials, beam patterns, polariza-
tions, efficiencies, and surface errors in order to enhance the
performance of such antennas for various frequency bands
and application [7, 8].

Analysis of focal region field in reflectors is important for
many applications like optical spectroscopy, medical treat-
ment and hyperthermia [9]–[11]. High velocity space vehicles
with metallic antennas, as reflector antennas for example, en-
counter plasma effect when re-entering into the Earth’s atmo-
sphere. Thus, usually antennas of space vehicles are in surface
contact with a plasma layer that affects the radiation char-
acteristics of such antennas [12, 13]. Similarly, the existence
of a plasma layer on metallic targets changes the reflected
and scattered wave energies. Analysis is very significant to
find out the parameters of the plasma, which affect the re-
flection, absorption, and transmission of the EM energy es-
pecially in the study of the interaction of intense EM waves
with curved metallic surfaces [14]–[16]. These research activ-

ities mostly focused on the propagation of EM waves in un-
magnetized plasma. If a magnetic field is applied to the back-
ground plasma equilibrium, the plasma will be noticeably
anisotropic and the characteristics of the EM waves propa-
gation in the plasma will be affected more dynamically. Re-
cently, several researchers have reported studies relevant to
the interaction and propagation of EM waves in magnetized
plasma [17]–[20].

Many types of reflectors have been investigated for focus-
ing EM waves. Among different shaped reflectors, an ellipti-
cal reflector has not received sufficient investigations like the
parabolic reflector. This reflector focuses rays emitted by one
focus at the other and vice versa [21]–[23]. An elliptical reflec-
tor shape could be generated in a variety of ways: one may
refer to the geometrical structures made by the joining of the
cylindrical and conic shape with the cone generated curved
surface or resulting from the bending of any actual parabolic
or circular reflector [24].

This paper considers a long metallic elliptical reflector cov-
ered with a magnetized plasma layer with a normal incidence
plane-wave for both parallel and perpendicular polarizations.
The exact analytical field expressions of the field intensity dis-
tribution of reflected wave from curved plasma layer and the
transmitted wave out of layer after reflection from metallic el-
liptical reflector are derived along its caustic or focal point by
Maslov’s method. Explanations and detailed procedures con-
cerning the application of Maslov’s method are found exten-
sively in literature [25]–[27] and many researchers have used
this method to study the focusing of the different reflecting
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and transmitting antennas [28]–[33]. In spite of analyzing un-
magnetized plasma, the present study facilitate observing the
variations of the reflection and absorption of the anisotropic
magnetized plasma by the continuously varying parameters
such as the cyclotron and collisional frequencies. As a result,
the effects of the cyclotron frequency on the electric field in-
tensity in plasma layer can be more visibly described. The ef-
fects of plasma layer thickness, electron density and cyclotron
frequencies of plasma on the field intensity distribution of re-
flected wave from curved plasma layer and the transmitted
wave out of layer after reflection from metallic elliptical re-
flector along its caustic or focal point have been analyzed and
discussed numerically. The numerical computational compar-
ison of derived expressions by Maslov’s method has been con-
firmed alternatively by using Kirchhoff’s approximation. The
time-harmonic (iωt) dependence is adopted and suppressed
in what follows.

2 FORMULATIONS

Consider an elliptical reflector made of a perfect metal in the
presence of an anisotropic plasma layer exposed to an exter-
nal uniform magnetic field B = B0 êz as shown in Figure 1.
It is assumed that an EM plane wave is incident normally on
the surface of the reflector parallel to its symmetry axis. The
equation of the metallic elliptical reflector is given by

ζ = a

√
1− ξ2

b2 (1)

where a is the length of major axis and b is the length of minor
axis of perfect conductor elliptical reflector. Then, the surface
equation of the anisotropic magnetized plasma layer placed
on perfect metal elliptical reflector is given as under

ζ = (a− d)

√
1− ξ2

(b− d)2 (2)

where d is the thickness of the elliptical anisotropic plasma
layer. It is assumed that the coordinates of a point on the el-
liptical surface of the anisotropic plasma layer P(ξ0, ζ0) cor-
responds to a point on the metallic elliptical reflector Q(ξ, ζ).
The magnetized plasma layer has the relative permittivity in
tensor form as

[ε] =

 ε1 jε2 0
−jε2 ε1 0

0 0 ε3

 . (3)

The non-zero elements of this tensor are defined under the
relations

ε1 = 1−
ω2

p(ω− jν)
ω[(ω− jν)2 −ω2

c ]

ε2 =
ωcωp

ω[(ω− jν)2 −ω2
c ]

ε3 = 1−
ω2

p

ω(ω− jν)

where ω and ωc are the incident wave frequency and the cy-
clotron frequency, ν is the effective collision frequency and
ωp = nee2/mε0 is the plasma frequency which satisfy the

 

FIG. 1 Elliptical reflector made of perfect metal with a layer of anisotropic plasma on

its surface.

condition of under-dense plasma ωp < ω. Their explicit ex-
pressions are found extensively in literature [1]–[3]. The wave
numbers in anisotropic plasma for parallel (TE) polarization
and perpendicular (TM) polarization are k1 =

√
ε3k0, and

k2 =
√
(ε2

1 − ε2
2)/ε1k0 respectively.

2.1 Paral lel polar izat ion (TE)

Now, we consider a parallel polarized monochromatic EM
wave incident on an the elliptical anisotropic plasma layer

E0i = Ei êx exp[−jkiz] (4)

In the anisotropic plasma layer, there are two extra ordinary
waves propagating toward the interface z = ζ and the inter-
face z = ζ0. By using the Snell’s laws the reflected field wave
vector and the transmitted field wave vector can be obtained
in the following

pr = pi − 2(pi · N)N (5)

qr = pi +
√

n2 − 1 + (pi · N)2N − (pi · N)N (6)

where pi is the wave vector of the incident wave, n is refractive
index of the anisotropic plasma medium and N is the unit nor-
mal to thesurface of an elliptical reflector coated with plasma
layer which can be written as

N = êz cos α + êx sin α (7)

The reflected wave vector p1, the refracted wave vector q1
and q2 from the anisotropic plasma elliptical layer and the
reflected wave vector p2 from the PEC elliptical reflector are
given [27, 28] as

p1 = −êx sin 2α− êz cos 2α (8)

q1 =− êx sin α

(
− cos α +

√
n2

1 − sin2 α

)
−
(

cos α

(
cos α +

√
n2

1 − sin2 α

)
+ 1
)

êz (9)
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p2 = −êx sin α(K1 + cos α)− êz(K1 cos α− sin2 α) (10)

q2 = êz(n1 sin2 α− K2 cos α)− êx sin α(K2 + n1 cos α) (11)

where K2 =
√
(2 + n1(−1 + 2(−1 + n1)n1 + cos 2α)/2,

K1 =
√
(−1 + 2n2

1 + cos 2α)/2 and n1 =
√
(ε2

1 − ε2
2)/ε1.

2.2 Perpendicual polarizat ion (TM)

Now, we consider an incident monochromatic EM wave per-
pendicularly polarized incident on the elliptical anisotropic
plasma layer given as

E0i = Ei êy exp[−jkiz] (12)

The reflected and refracted wave vectors are obtained from
the anisotropic plasma elliptical layer and the PEC elliptical
reflector are given by as above

p1 = −êx sin 2α− êz cos 2α (13)

q1 =− êx sin α
(
− cos α +

√
n2 − sin2 α

)
−
(

cos α
(
− cos α +

√
n2 − sin2 α

)
+ 1
)

êz (14)

p1 = −êx sin 2α− êz cos 2α (15)

p1 = −êx sin 2α− êz cos 2α (16)

where K4 =
√
(2 + n(−1 + 2(−1 + n)n + n cos(2α− 2θ0))/2,

K3 =
√
(−1 + 2n2 + cos 2α)/2, and n =

√
ε3.

3 GEOMETRICAL OPTICS FIELD

The Hamilton’s equations of the wave rays are given by

dx
dτ

= px,
dz
dτ

= pz,
dpx

dτ
, and

dpz

dτ
= 0. (17)

The solutions of the Hamilton’s equations can be written as

x = ξ0 + p1xτ1, z = ζ0 + p1zτ1, (18a)

p1x = p0
1x, p1z = p0

1z (18b)

x = ξ0 + q1xτ1, z = ζ0 + q1zτ1 (19a)

q1x = q0
1x, q1z = q0

1z, (19b)

The Jacobian associated with waves reflected by the elliptical
plasma layer is obtained as

J1(τ1) =
D1(τ1)

D1(0)
= 1− 2a2τ1

R1R2ζ0
(20)

The Jacobian associated with waves refracted by an elliptical
plasma layer with parallel polarization is obtained

J2(τ2) =
D2(τ2)

D2(0)

= 1− a2τ2

K2
2 sec αR1R2ζ0

[2K2(2K2
2 + n2) +

n(4K2
2 + n) cos α− n2(2K2 cos 2α + cos 3α)] (21)

Similarly, the Jacobian associated with waves refracted
by the plasma layer with perpendicular polarization is
obtained [29]–[33] as

J2(τ2) =
D2(τ2)

D2(0)

= 1− a2τ2

K2
4 sec αR1R2ζ0

[2K4(2K2
4 + n2

1) +

n(4K2
4 + n1) cos α− n2

1(2K4 cos 2α + cos 3α)] (22)

The field expressions for the reflected and transmitted rays
out of the anisotropic plasma layer in geometric optics are

Er(x, z) = Ei[J1(τ1)]
− 1

2 exp[−jk(Ψ0 + τ1)] (23)

Et(x, z) = Ei[J2(τ2)]
− 1

2 exp[−jk(Ψ0 + τ2 + t)] (24)

where Ψ0 = ζ0, τ1 and τ2 are parameters along the
rays reflected and transmitted out of the elliptical
anisotropic plasma layer to the focal point, respectively,
and t =

√
(ξ0 − ξ)2 + (ζ0 − ζ)2 is the distance between

P(ξ0, ζ0) and Q(ξ, ζ). It is observed that the GO reflected
and transmitted fields become infinity at the caustic or focal
points as expected when J(τ) = 0. The expression that is
valid at the focal point is derived using the Maslov’s method.
The exact location of caustic point is at J(τ) = 0.

3.1 Field expressions in focal region for
paral lel (TM) polarizat ion

According to Maslov’s method, the field expressions in the fo-
cal region can be written as

Er(r) =

√
k

j2π

∞∫
−∞

Et(x, z)
[

D(τ)

D(0)
∂(pz)

∂(z)

]− 1
2
·

exp{−jk[S0 + τ − z(px, z)pz + pzz]} dpz (25)

Integrands for the reflected and transmitted fields from the
plasma layer are obtained, respectively, as

I1 =
D(τ1)

D(0)
∂(p1x
∂(x)

= − (a− d)2 sin2(2α)

R1R2ζ0
(26)

I2 =
D(τ2)

D(0)
∂(p2x

∂(x)
= − (a− d)2 cos α sin2 α

K2
1R1R2ζ0

·

(K2 + n cos α)(2K2 + n + 4nK2 cos α + n cos 2α) (27)

The phase functions of the integrals for the reflected and trans-
mitted fields from the plasma layer are obtained, respectively,
as

S1 = S0 + τ1 − z(x, pz)pz + pxx =

(a− d)2 cos α(r cos θ + cos 2α1)√
c2 sin2 α− (b− d)2

− (b− d)2 sin α(r sin θ + sin 2α1)√
c2 sin2 α− (b− d)2

+ r sin θ cos(2α− θ) (28)
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S2 = S0 + τ2 + t− z(x, pz)pz + pxx

= ζ0 − ξ0q2x − ζ0q2z − xq2x + zq2z + ξ0x + ζ0z (29)

where x = r sin θ, ξ0 = −(b− d)2 sin α/
√

c2 sin2 α− (b− d)2,

ζ0 = −(a− d)2 cos α/
√

c2 sin2 α− (b− d)2, z = r cos θ,

q2x = − sin α(K2 + n1 cos α) and q2z = −K2 cos α + n1 sin2 α.

The initial value of the reflected field is related to the incident
field by

Er(x, z) = −Ei − 2(Ei · N)N (30)

Using Eqs. (25), (27) and (30) into Eq. (24) and changing the
variable p1z to α, given in Eq. (8), yields the final reflected field
expression in components along the focal region

Ex(x, z)
Ei

=

√
k
π

l
2∫

− l
2

1− n
1 + n

√
R1R2((b− d)2 − ξ2)

ζ0(b− d)2 e−jk(S1)dα (31)

The initial value of the transmitted field is related with the
incident field by the relation

Et(x, z) = T̃ · Ei = [T‖i
t
‖i

i
‖ + T⊥i t

⊥i i
⊥] · Ei (32)

The unit vector corresponding to these components are ob-
tained using the following relations:

i i
⊥ =

pi × n
|pi × n|

= êy, i i
‖ = i i

⊥ × pi = êx, i t
⊥ =

qi × n
|qi × n| = êy

,

i t
‖ = i i

⊥ × qi = (−K2 cos α + n1 sin2 α)êx

− (K2 sin α + n1 cos α sin α)êz,

T‖ =
2n1 cos α

cos α + n1

√
1− n2

1 sin2 α
, T⊥ =

2n1 cos α

n1 cos α +
√

1− n2
1 sin2 α

.

Again, using Eqs. (26), (29) and (33) into (24) and changing the
variable p2z to α, given in Eq. (10), yields the final transmitted
field expression in components form

Ex(x, z)
Ei

=

√
2k f
π

∫ l/2

−l/2
Etx

√
K2R2

cos αq2x

dξ0

dα

dq2z

dα
e−jkS2 dα (33)

Ez(x, z)
Ei

=

√
2k f
π

∫ l/2

−l/2
Etz

√
K2R2

cos αq2x

dξ0

dα

dq2z

dα
e−jkS2 dα (34)

where

Etx =
2n1 cos α(−K2 cos α + n1 sin 2α)

n1 cos α +
√

1− n2
1 sin2 α

,

Etz =
n1 sin 2α(−K2 + n1 cos α)

n1 cos α +
√

1− n2
1 sin2 α

where l is the angle which the reflector subtends with the
aperture.

3.2 Field expressions in focal region for
perpendicular (TM) polarizat ion

By using similar procedure, the final reflected field expression
for the perpendicular polarization valid along the focal region
is

Er
y(x, z)

Ei

=

√
k
π

∫ l/2

−l/2

1− n
1 + n

√
R1F2((b− d)2 − ξ2)

ζ0(b− d)2 e−jk(S1)dα (35)

Again using Eqs. (19) and (21) into Eq. (24) and changing the
variable p2z to α in Eq. (10), yields the final finite transmitted
field expression valid along the focal region as

Et
y(x, z)

Ei
=

1
4jπ
·

∫ l
2

− l
2

2n cos α

n cos α +
√

1− n2 sin2 α

√
1

q2x

dq2z

dα

dξ0

dα

K4

cos α
·

e−jk(ζ0−ξ0q2x−ζ0q2x−xq2x+zq2z+ξ0x+ζ0z)dα (36)

where ξ0, ζ0, x and z, are defined in Eq. (28) and q2x and q2z
are given in Eq. (16)

4 HUYGENS-KIRCHHOFF’S SOLUTION

To validate the formulation derived in the preceding section,
the fields are obtained using the following formula implied by
Huygens-Kirchhoff’s principle [27, 28]

E(x, z) =

√
k

j2π

∫ ∞

−∞

e−jR

R
E0(ξ0, ζ0) exp(−jkS0)dξ0 (37)

where R = q1x(x − ξ0) + q1z(z− ζ0) =
√
(x− ξ0)2 + c2

2 and

E0(ξ0, ζ0) = J−
1
2 . Therefore

E(x, z) =
√

kj2π
∫ l/2

−l/2

J−
1
2

R
exp[−jk(S0 + R]dξ0 (38)

5 RESULTS AND DISCUSSIONS

The reflected and transmitted EM waves due to a normally
incident plane wave on an elliptical metal reflector with
anisotropic plasma layer on its surface are depicted in this
section. The frequency of the incident EM wave is taken in
the microwave region. First, the results are compared with the
Huygens-Kirchhoff approximation to check the correctness of
the developed analytical formulations. Figure 2 shows the
comparison of the numerical results using Maslov’s method
(solid line) and using Kirchhoff’s approximation (dashed line)
which confirms that the agreement is good.

Figure 3(a)–(b) illustrate the refelcted field intensity distri-
bution from the elliptical reflector in the presence of the
anisotropic plasma layer along the focal points along kz for
parallel polarization and perpendicular polarization respec-
tively, at ka = 60, kb = 6, ne = 6 · 1012 m−3, ω = 3.14 · 108 Hz,
ωc = 0.3 · 108 Hz, and ν = 1.5 · 105 Hz, for different values
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Fig. 2. The normalized field intensity by Maslov’s method (solid line)  

and by Kirchhoff’s integral (dashed line). 

 

FIG. 2 The normalized field intensity by Maslov’s method (solid line) and by Kirchhoff’s

integral (dashed line).

 

Fig.3. The reflected field intensity distribution with the thickness of the anisotropic plasma layer using Maslov’s 

method along the z-axis. 

FIG. 3 The reflected field intensity distribution with the thickness of the anisotropic

plasma layer using Maslov’s method along the z-axis.

of plasma layer thickness. The value of the reflected field in-
tensity decreases and the location of the maximum reflected
field intensity are displaced along the z-axis away from the
reflector curved-surface at higher values of the plasma layer
thickness for both parallel and perpendicular polarizations.

Figure 4(a)–(b) shows the comparison of the transmitted field
intensity distribution from the elliptical reflector in the pres-
ence of the anisotropic plasma layer along the focal points
along kz for parallel polarization and perpendicular polar-
ization respectively, at ka = 60, kb = 6, ne = 6 · 1012 m−3,
ωc = 0.3 · 108 Hz, ν = 1.5 · 105 Hz, and ω = 3.14 · 108 Hz
for different plasma layer thickness values. The transmitted
field intensity decreases in magnitude but with some displace-

 

Fig.4. The transmitted field intensity distribution for different values of the plasma layer thickness with the              

z- axis (a) parallel polarization (b) perpendicular polarization. 

FIG. 4 The transmitted field intensity distribution for different values of the plasma

layer thickness with the z-axis (a) parallel polarization (b) perpendicular polarization.

ment away from the reflector curved-surface along the z-axis
at higher values of the anisotropic plasma layer thickness. The
number of side lobes and the focus of the main lobe of the
transmitted field are more than that of the reflected field in-
tensity.

Figures 5 to 6 demonstrate, respectively, the effects of the
plasma electron density, and the cyclotron frequency on the
transmitted field distribution from the anisotropic plasma
layer. Figures 5(a)–(b) shows the transmitted field intensity
versus kz for different values of the anisotropic plasma
electron density with parallel polarization and perpendic-
ular polarization incident waves. These figures have been
plotted for a constant foci radius of the metallic ellipti-
cal reflector ka = 60, kb = 6, an incident-wave frequency
ω = 3.14 · 108 Hz, ν = 1.5 · 105 Hz, and kd = 0.1. It is
clearly observed that if the electron density of the plasma
layer decreases the value of the transmitted field intensity
increases for both cases and the transmitted field intensity
of the parallel polarization is sharp as compared to that of
the perpendicular polarization. The case of electron plasma
density ne = 0 corresponds to a bare metallic reflector. The
level of the side lobes of the plasma coated reflector is higher
than that of the metallic reflector whereas their main lobes
are similar. By varying the plasma density in the plasma
layer, the phase of the reflected signal can be altered. The
steering and focusing of the reflector may occur as desired.
The plasma-coated reflector can be more stealth at high
frequencies.

Figure 6(a)–(b) represents the changes of the transmitted field
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Fig.5. The transmitted field intensity distribution for different values of the plasma electron density with the              

z axis (a) parallel polarization (b) perpendicular polarization. 

FIG. 5 The transmitted field intensity distribution for different values of the plasma

electron density with the z-axis (a) parallel polarization (b) perpendicular polarization.

intensity versus kx and kz for parallel polarization incident
waves, respectively, at different values of the cyclotron fre-
quency ωc by considering a constant value of foci radius of
the metallic elliptical reflector ka = 60, kb = 6, plasma layer
thickness kd = 0.1, ν = 1 · 105 Hz, and plasma electron den-
sity ne = 6 · 1012 m−3. In this demonstration, if the cyclotron
frequency ωc decreases, the value of the transmitted field in-
tensity increases along both axes.

Figure 7(a)–(b) represents the changes of the transmitted
field intensity versus kz for parallel polarization and per-
pendicular polarization incident waves, respectively, at
different values of the effective collisional frequency ν by
considering a constant value of foci radius of the metallic
elliptical reflector ka = 60, kb = 6, plasma layer thickness
kd = 0.1, ωc = 0.3 · 108 Hz, and plasma electron density
ne = 6 · 1012 m−3. In this demonstration, if the effective colli-
sional frequency ν increases, the value of the transmitted field
intensity increases slightly and a non-uniformity of the field
distribution along focal point is observed. The effects of the
collisional frequency on field distribution for perpendicular
polarization case are minima similar to results reported
in [11].

6 CONCLUSIONS

This paper presents theoretical analyses of the EM fields in
the focal region of a metal elliptical reflector covered with
an anisotropic plasma layer under both parallel and perpen-

 

Fig.6.The transmitted field intensity distribution for different values of the cyclotron frequency with the                  

x-axis for parallel polarization (a) x-axis (b) z-axis. 

 

Fig.6.The transmitted field intensity distribution for different values of the cyclotron frequency with the                  

x-axis for parallel polarization (a) x-axis (b) z-axis. 

FIG. 6 The transmitted field intensity distribution for different values of the cyclotron

frequency with the x-axis for parallel polarization (a) x-axis (b) z-axis.

 

Fig. 7. The transmitted field intensity distribution for different values of the collisional frequency with the                

z-axis (a) parallel polarization (b) perpendicular polarization. 

FIG. 7 The transmitted field intensity distribution for different values of the collisional

frequency with the z-axis (a) parallel polarization (b) perpendicular polarization.
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dicular polarized-wave incidence. Accurate analytical expres-
sions for the field intensity distributions along the focal line
were derived using Maslov’s method, which is an efficient
procedure based on the asymptotic ray theory (ART) and the
Fourier transform method. The reflected and the transmitted
fields out of the anisotropic plasma layer were found to be
in a good agreement to those obtained using Kirchhoff’s ap-
proximation. The effects of the anisotropic plasma layer thick-
ness, the plasma frequency; the cyclotron frequency, and the
effective collisional frequency on the transmitted and the re-
flected energy distribution were examined. The focal point is
slightly displaced away from the reflector surface along the z-
axis at higher values of the plasma layer thickness. The plasma
electron density and the cyclotron frequency have opposite
influence on the value-levels of the transmitted field intensi-
ties in the focal region of the elliptical reflector as illustrated
in Figure 5 and 6. A uniform field intensity distribution is
more manifested at lower values of the effective collisional fre-
quency. For the magnetized plasma case, the effect of the col-
lisional frequency variations on the field uniformity is much
higher than its effect in the un-magnetized plasma case.
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