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Temperature calibrated piezoelectric resonances of internal acoustic vibration modes of a nonlinear-optical crystal during its heating by
high-power laser radiation are used for noncontact measurements of both the non-uniform temperature distribution in the crystal volume
and in the surrounding air. A novel notion of equivalent temperature of a crystal heated by laser radiation is introduced in laser physics. The
true non-uniform crystal thermodynamic temperature at a given laser power is substituted by the measured equivalent crystal temperature,
which is constant at that laser power. Using appropriate laser heating model the measured value of the equivalent crystal temperature
allows one to calculate the unknown linear and nonlinear optical absorption coefficients as well as the heat transfer coefficient of the
crystal with the surrounding air. [DOI: 10.2971/jeos.2011.11032]
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1 INTRODUCTION

Frequency conversion efficiency of laser radiation in
nonlinear-optical crystals is governed by a phase matching
condition [1]. One of the essential requirements for providing
the phase matching condition is crystal temperature control.
Until now there are no precision methods developed for
crystal temperature control for high-power laser frequency
conversion applications. The main reason for that is lack of
a simple noncontact technique of the real-time crystal tem-
perature determination during nonlinear-optical conversion
process. That can lead to conversion efficiency decrease as
well as to formation of defects (gray track) and even further to
irreversible optical damage of the crystal [2]–[5]. The reason
for that is primarily that during laser frequency conversion
crystal temperature nonlinearly increases with pump laser
power. The crystal temperature rise is caused not only by
the change of the optical pump absorption coefficient but

also, what is more essential, by the uncontrollable increase
of the converted radiation absorption. In conventional
contact methods the crystal surrounding air temperature is
measured [6]. The required precision cannot be achieved in
such techniques due to a high temperature gradient near the
heated crystal surface. Furthermore, during nonlinear-optical
conversion process the heat exchange conditions of the
crystal-air boundaries may also vary. The main goal of our
present research is the development of the precise method
for crystal temperature control during laser heating. The
method proposed here is based on the measurement of elec-
trical impedance spectra of nonlinear-optical crystals in the
radio-frequency (RF) domain. After conducting preliminary
experiments it became evident that a theoretical model is
needed for the laser heating process description. This model
is based on direct independent measurements of the sur-
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rounding air temperature and the crystal temperature during
its interaction with laser radiation of laser power Pin. Here the
nonlinear-optical crystal temperature is determined directly
from the measured piezoelectric resonance frequency Rf n of
any (n) internal vibration mode. In turn, the surrounding
air temperature is measured using additional piezoelectric
thermal resonators, placed near the nonlinear-optical crystal.
The nonlinear-optical crystal temperature for the incident
laser power Pin is determined by measuring the frequency
shift ∆Rf n(Pin) of the temperature θ calibrated piezoelectric
resonance frequency Rf n(θ). Relying on the experimental
measurements of the Rf n(θ), ∆Rf n(Pin) dependencies together
with theoretical modeling of crystal non-uniform heating we
were able to introduce a novel notion in laser physics – “the
equivalent crystal heating temperature ∆Θeq(Pin)”. This gave
us a possibility to substitute the non-uniform crystal heating
temperature ∆θcr(x, y, z, Pin), which can only be calculated
for a given laser power P f

in, by the measured value ∆Θeq (P f
in),

which is constant for that Pin. The equivalent crystal tem-
perature is determined by the following simple expression:

Θeq
(

P f
in

)
= θa + ∆Θeq

(
P f

in

)
. Here θa is the surrounding air

temperature that is measured before the laser is turned on [7].

It is well known that nonlinear-optical crystals with non-zero
second order susceptibility posses piezoelectric properties.
Due to the inverse piezoelectric effect the external ac elec-
tric field applied to the crystal can excite its acoustical vi-
brations. Piezoelectric resonance is observed when an electric
field frequency from an RF generator fg coincides with one of
the internal acoustical vibration mode frequencies (Rf n = fg).
The piezoelectric resonance frequencies Rf n depend not only
on internal factors (crystal dimensions and shape; symme-
try of the electric, elastic and piezoelectric tensors) but also
on external factors (surrounding air pressure and humid-
ity; direction and inhomogeneity of the external AC electric
field etc.). Certain piezoelectric resonances are strongly sen-
sitive to the crystal temperature change. There are versatile
experimental techniques for registration of piezoelectric res-
onances in the wide frequency range of 10−3 – 1010 Hz. We
have employed these techniques in an experimental setup,
which we developed for measurement of piezoelectric reso-
nances of nonlinear-optical crystals during their interaction
with single-mode laser radiation. The temperature control of
both the crystal and the surrounding air was realized with
10 mK accuracy [8]. We have observed that piezoelectric
resonance frequencies of nonlinear-optical crystals (LiNbO3,
KH2 PO4, KTiOPO4, LiB3O5 and many others) widely used for
laser frequency conversion are highly sensitive even to low-
power radiation influence. It should be mentioned that in
the 90th of the previous century [9] and in the beginning of
our century [10] there were several attempts made to exploit
the piezoelectric resonance sensitivity to weak laser radiation
for determination of the low optical absorption coefficients
of nonlinear-optical crystals. Unfortunately the hasty conclu-
sions of the second paper [10] have limited the application
of the proposed method to the registration of the nonlinear-
optical crystal temperature change caused by laser radiation
heating of extremely low power (below 30 mW). Our experi-
ments show that temperature measurement of the nonlinear-
optical crystals exploiting acousto-resonant technique is not

limited by laser powers of mW level. Application of our
method is limited only by the laser power values that cause
optical damage of the crystal. Thus laser powers can reach kW
level in the CW regime of operation [11].

2 EXPERIMENTAL

2.1 Experimental Setup

The experimental study of the nonlinear-optical crystals SiO2,
KTiOPO4, KH2PO4, LiNbO3, LiB3O5 was performed using an
automated experimental setup shown in Figure 1(a).

Here we give only a short description of the experimental
setup. More detailed description can be found elsewhere [8].
The nonlinear-optical crystal (sample crystal) was placed in
the center of the capacitor formed by two metal plates. The
distance between the capacitor plates was carefully chosen to
meet two contradictory requirements. The first is that the RF
electric field inside the capacitor in the vicinity of the sam-

FIG. 1a Simplified block scheme of the experimental setup and typical dependencies

of the voltage phase Ph and absolute voltage value |Uad(fg)|, measured on the load

resistor R, on frequency in the vicinity of the crystal piezoelectric resonance.

FIG. 1b Crystal arrangement inside the capacitor: sample crystal, thermo resonator

crystals QT1 and QT2.
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FIG. 2 Dependence of the absolute voltage value |Uad(fg)| on frequency measured for

the KTP together with QT1 and QT2 crystals.
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FIG. 3 Dependence of the voltage phase Ph on frequency measured for the KTP together

with QT1 and QT2 crystals.

ple should be as uniform as possible. On the other hand, the
distance between the electrodes should be large enough in or-
der to reduce the influence of the electrodes heating caused by
the scattered radiation from the crystal. Here the distance be-
tween the capacitor electrodes was set 10 mm. In particular, to
our opinion, uncontrollable heating by the scattered radiation
of the electrodes deposited on the LiNbO3 facets was the main
reason that drew the authors of paper [10] to conclusion that
piezoelectric resonance cannot be used for the precise temper-
ature measurements of the nonlinear-optical crystals interact-
ing with high-power laser radiation. In order to control tem-
perature of the electrodes as well as the air temperature in-
side the capacitor we placed two additional thermo resonators
QT1 and QT2 (see Figure 1(b)) made of quartz crystals with
a small cross section into the capacitor. The piezoelectric res-
onances of the sample crystal and two quartz crystals were
observed in the overall impedance spectrum of the capacitor,
connected in series with an RF generator and a small load
resistor R = 47 Ohm. The voltage on the load resistor R was
measured by a lock-in amplifier. The voltage amplitude of the
RF generator was kept at 1 V for all experiments. The sample
crystal was heated by a CW single-mode linearly polarized
ytterbium fiber laser manufactured by NTO “IRE-Polus”. The
highest output laser power was equal to 70 W, the laser beam
diameter equaled to 1.5 mm (FWHM). Here we present the
results of the study of the nonlinear-optical crystal KTiOPO4
(KTP). The crystal had a shape of a rectangular parallelepiped

with dimensions Lx = 2.8 mm, Ly = 3.2 mm, Lz = 12 mm. The
front facets of the uncoated KTP were polished. Temperature
of the air surrounding the KTP crystal can be determined at
sites of the QT1 and QT2 crystals exploiting their piezoelectric
thermal properties. The supplemental quartz crystals, used
for the air temperature measurement, also were in the form
of rectangular parallelepipeds with dimensions Lx ≈1 mm,
Ly ≈1 mm, Lz ≈ 11 mm.

The |Uad| value is directly proportional to the admittance ab-
solute value |Yad|. The voltage phase Ph is the difference be-
tween the phase of the electrical current going through the
capacitor and the generator voltage phase. The overall admit-
tance Yad of the electrical chain is the sum of the capacitor
admittance containing the KTP, QT1 and QT2 crystals and
admittances of the connecting coaxial cables. Figure 2 and
Figure 3 show the RF spectra for the absolute value |Uad|
and the phase Ph of the voltage, measured on the load re-
sistor R, for the KTP crystal and the QT1, QT2 thermo res-
onators at the air temperature θa = 290.5 K. Several reso-
nance peaks with high Q-factors were clearly observed. Every
resonance peak could be easily attributed to the correspond-
ing crystal performing measurements with each crystal sep-
arately. Only one piezoelectric resonance in the selected fre-
quency range (800 – 1900 kHz), however was related to the
KTP crystal: R f (KTP) = 887.980 kHz (Phmin = 109.8 deg) oth-
ers belong to QT1 and QT2. In addition to the value of Rf,
the shape of the spectral line of the absolute value |Uad(fg)|
is also an important information source. The piezoelectric
resonance line shape can be characterized by two parame-
ters: amplitude of the absolute voltage value and the spectral
line width. The resonance amplitude is determined as follows
Uad = Umin

ad − Umax
ad , where Umin

ad and Umax
ad are the mini-

mum (at Rf min) and the maximum (at Rf max) values of the
|Uad(fg)| respectively. Resonance line width is calculated as
Wad = Rf max – Rf min. The values of these parameters mea-
sured for the selected crystals resonances (marked red in Fig-
ure 2, Figure 3) are presented in Table 1.

Crystal R fn, kHz Wad, Hz Uad, µV
KTP 887.980 240 8.5
QT1 1771.812 45 113.3
QT2 1865.534 70 56.4

TABLE 1 Piezoelectric resonance parameters for the KTP, QT1 and QT2 crystals at

θa = 290.5 K.

2.2 Piezoelectr ic resonance frequency
temperature cal ibrat ion

The most sensitive to the temperature change piezoelectric
resonances of the sample crystal (KTP) and the thermo res-
onators (QT1 and QT2) were calibrated with respect to tem-
perature during uniform heating (without laser radiation) [8].
For all crystals studied dependence of the piezoelectric res-
onance frequencies shifts on temperature exhibit linear be-
havior in the temperature range of 290 – 370 K [8, 12]. For
each crystal and each resonance corresponding piezoelectric
resonance thermal coefficients were determined: Kprt(KTP),
Kprt(QT1), Kprt(QT2).
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FIG. 4a Piezoelectric resonance frequency shift with temperature measured for the KTP

crystal.
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FIG. 5a Piezoelectric resonance frequency shift with temperature measured for the QT1

crystal.
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FIG. 6a Piezoelectric resonance frequency shift with temperature measured for the QT2

crystal.

Figure 4 shows typical temperature dependencies of the reso-
nance frequency R f (θ) and absolute voltage value |Uad|mea-
sured for the KTP crystal piezoelectric resonance. Figure 5
and 6 present temperature dependencies of the resonance fre-
quenciesRf (QT1) and Rf (QT2) and the voltage phases Ph ob-
tained for the crystals QT1 and QT2 piezoelectric resonances.
It can be seen that crystal heating was followed by the change
in both the resonance line shape and the value of the piezo-
electric resonance frequency. For the former we observed both
the voltage absolute value |Uad| and phase Ph change in the
vicinity of the resonance frequency.
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FIG. 4b Dependence of the absolute voltage value |Uad(fg)| on frequency in vicinity of

the KTP piezoelectric resonance at different temperatures.
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FIG. 5b Dependence of the voltage phase Ph on frequency in vicinity of the QT1 piezo-

electric resonance at different temperatures.
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FIG. 6b Dependence of the absolute voltage value |Uad(fg)| on frequency in vicinity of

the QT2 piezoelectric resonance at different temperatures.

According to the experimental results the resonance ampli-
tude Uad and its spectral line width Wad non-monotonically
depend on temperature. The spectral line width of the KTP
crystal resonance strongly increases with temperature. At the
same time such behavior was not observed for the QT1 and
QT2 crystals.

The piezoelectric resonance thermal coefficient of a certain

mode, Kprt
n = dR fn(θ)

/
dθ determines the resonance fre-

quency shift with temperature during the uniform crystal
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temperature change. Based on the experimental data the
piezoelectric resonance frequency R fn(θ) linearly depends
on temperature and therefore can be obtained using the
following formula [8, 12]:

R fn (θ) = R fn (θa) + Kprt
n (θ − θa) (1)

Here frequency R fn (θa) corresponds to the initial temper-
ature θa of the air surrounding the crystal. The absolute
value and the sign of the Kprt

n coefficients depend on the se-
lected vibration mode of the crystal. We obtained the follow-
ing values of Kprt

n for our KTP, QT1 and QT2 crystals reso-
nances: Kprt(KTP) = –71 Hz/K, Kprt(QT1) = 36 Hz/K and
Kprt(QT2) = 15 Hz/K.

2.3 Determination of the KTP crystal
heating by laser radiat ion

Under laser action, the sample crystal temperature can be
determined by measuring the resonance frequency change
∆R f (KTP). Similarly, temperature of the air surrounding
the sample crystal can be determined from ∆Rf (QT1) and
∆Rf (QT2). In these experiments we measured not only the
incident laser power Pin, but also the output power Pout,
which can be expressed as

Pout = Pin − Pr − Pa − Ps, (2)

where Pr is the power of the light reflected from the crystal
facets, Pa and Ps are the powers of the absorbed and scattered
light by the crystal respectively. In Figure 7 the dependence
of the output power on the incident power for the KTP crys-
tal is presented. It should be noted that in all our experiments
Pr as well as Ps were much larger than Pa. Pr can be signifi-
cantly reduced by applying AR coating to the crystal facets,
while scattered power Ps cannot be easily weakened and can
heat elements surrounding the crystal. Crystal heating is de-
termined only by Pa. Equation (2) can be rewritten as

Kout + Kr + Ks + Ka = 1, (3)

where

Kout = Pout/Pin, Kr = Pr/Pin, Ks = Ps/Pin, Ka = Pa/Pin.

Kout characterizes the output power, Kr represents the re-
flected power, Ks corresponds to the scattered power, Ka is
related to the absorbed power. For our KTP crystal these coef-
ficients were measured to be Kout = 0.82, Kr = 0.15, Ks = 0.03.
As it will be shown later, Ka ≈ 0.001.

If laser power Pin with intensity distribution Iin (x, y) is
launched into the crystal, resonance frequency R fn(Pin), mea-
sured after thermal equilibrium is reached, can be expressed
as a linear function of Pin with a piezoelectric resonance
optical coefficient

Kpro
n = dR fn(Pin)/dP. (4)

Piezoelectric resonance frequency shift with the incident laser
power measured for the KTP crystal is shown in Figure 8. De-
pendencies of the QT1 and QT2 piezoelectric resonance fre-
quencies on the KTP incident laser power are also shown in
Figure 9 and Figure 10 respectively.
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30

reflection,
scattering,
absorption

Pout, W

Pin, W

only reflection

FIG. 7 Dependence of the output laser power Pout on the incident laser power Pin for

the KTP crystal.
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FIG. 8 Piezoelectric resonance frequency shift with the incident laser power measured

for KTP crystal.

It was observed that the change in the resonance line shape
measured in the experiment with uniform ambient tempera-
ture change and under non-uniform laser heating were iden-
tical. Basing on this fact we introduce a novel notion of the
equivalent heating temperature of the crystal, which can char-
acterize its non-uniform heating caused by laser radiation.

The dependence of the resonance frequency on laser power
R fn (Pin) is determined primarily by the crystal unknown
optical absorption coefficient α (λ) (λ is the radiation wave-
length) and heat exchange conditions at the crystal-air bound-
ary. At the wavelength λ = 1064 nm the KTP crystal ex-
hibits linear dependence of R fn (Pin) (see Figure 8) because
of the weak linear absorption and negligible nonlinear ab-
sorption in the used power range (up to 70 W). It enables
one to express the equivalent crystal heating temperature
∆Θeq(Pin) in terms of the piezoelectric thermal Kprt

n and opti-
cal Kpro

n coefficients of some resonance mode:

∆Θeq (Pin) =
∆R fn (Pin)

Kprt
n

=
Kpro

n

Kprt
n

Pin (5)

The equivalent crystal temperature can then be written as

Θ
eq
cr (Pin) = θa + ∆Θ

eq
cr (Pin) (6)

Dependence of the equivalent crystal temperature on the KTP
incident laser power measured for the KTP, QT1 and QT2
crystals is shown in Figure 11.
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FIG. 9 Dependence of the QT1 piezoelectric resonance frequency on the KTP incident
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FIG. 10 Dependence of the QT2 piezoelectric resonance frequency on the KTP incident
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FIG. 11 Equivalent heating temperature dependence on the KTP incident laser power

measured for the KTP, QT1 and QT2 crystals.

True spatial thermodynamic temperature distribution inside
the crystal θcr (x, y, z, Pin) can be expressed as

θcr (x, y, z, Pin) = θa + ∆Θ
eq
cr (Pin) + δθ (x, y, z, Pin) (7)

Our numerical model shows that for the majority of the exper-
imental situations

δθ (x, y, z, Pin) << ∆Θ
eq
cr (Pin) (8)

3 CALCULATIONS

3.1 Heating model

The temperature distribution inside the crystal is governed
by a heat conduction equation. We assume that the convec-
tive heat transfer takes place at the crystal air interface. When
crystal heating exceeds 30–40 K the thermal radiation should
be taken into account.

The crystal is assumed to be long enough to neglect thermal
effects on the input and output facets as well as temperature
z-dependence. In this case the heat conduction problem could
be written as:

ρcrccr
∂θ

∂t
= κcr

(
∂2θ

∂x2 +
∂2θ

∂y2

)
+ αI in crystal

ρaca
∂θ

∂t
= κa

(
∂2θ

∂x2 +
∂2θ

∂y2

)
in air (9)

− κa
∂θ

∂n
= hT (θcr − θa) at crystal-air boundary

θ = θ0 at outer boundary.

Here indices ‘cr’, ‘a’ are related to the crystal and air, re-
spectively, t is time, n is a crystal-air boundary normal vec-
tor; ccr, ca are specific heats, ρcr, ρa – densities; κcr, κa– ther-
mal conductivities; hT – unknown heat transfer coefficient
at the crystal-air interface. The outer boundary is generally
chosen on the electrodes. The calculation domain is a rect-
angle lX × lY , lX(9 mm) > Lx, lY(15 mm) > Ly, where
Lx (3.2 mm), Ly (2.8 mm) are the crystal transverse dimen-
sions. It is assumed also that the laser radiation is transmitted
only through the crystal. In our experiments we used a single-
mode laser, so the intensity distribution was close to Gaussian.

I (x, y) =
Pin

2πw2 exp
(
− x2 + y2

2w2

)
, (10)

where w is a beam radius at 1/e2 level. We considered only
a stationary solution of the problem. The values of hT , α are
fitted to obtain the experimentally measured temperature of
the sample crystal and the air temperature at the positions of
the small quartz crystals. The system (9) is solved by a finite-
difference method [13]. A uniform grid of Nx × Ny points on
the lX × lY area is introduced:

xi,j = ihx − LX/2, i = 0...Nx, hx = LX/Nx
yi,j = jhy − LY/2, j = 0...Ny, hy = LY/Ny

(11)

The temperature values in the grid nodes are numbered by
two indices i, j. The second derivatives are approximated as
follows: (

∂2θ
∂x2

)
i,j
≈ θi+1,j−2θi,j+θi−1,j

h2
x(

∂2θ
∂y2

)
i,j
≈ θi,j+1−2θi,j+θi,j−1

h2
y

(12)

For the crystal and air interior points we obtain the following
equations:

1
h2

x
θi+1,j +

1
h2

x
θi−1,j +

1
h2

y
θi,j+1 +

1
h2

y
θi,j−1 − 2θi,j

(
1
h2

x
+

1
h2

y

)

= − γαPin
2πκcrw2 exp

(
−

x2
i,j + y2

i,j

2w2

)
, (13)
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FIG. 12 Convective boundary condition for the left boundary of the KTP crystal with the

surrounding air.

where γ = 1 for the points inside the sample crystal, and γ = 0
for the points inside the air region.

In what follows we obtain a finite-difference equation for a
convective boundary condition. The effect of the thermal res-
onators QT1, QT2 on the convective heat exchange condition
is neglected. Let’s consider a vertical boundary where air is
located to the left of the boundary, and crystal is on the right
side (Figure 12). Let’s assume that the boundary is located be-
tween nodes (I-1, J) and (I,J). For nodes (I - 2,J) and (I + 1,J)
the equations in the form (12) can be written while for nodes (I
- 1,J) and (I,J) this cannot be done because of medium discon-
tinuity. In that case for node (I,J) we use the following equa-
tions obtained from (9):

κc
θI+1,j − θI,j

hx
= hT (θI,j − θI−1,j

)
(14)

And for the node (I - 1,J) we use:

κa
θI−1,j − θI−2,j

hx
= hT (θI,j − θI−1,j

)
(15)

In a similar way the equations for the other boundary parts
can be written. We assume that the thickness of the air-
crystal interface layer is less than the step of the selected grid.
Eqs. (13)–(15) constitute linear algebra problem that can be
solved using standard methods.

3.2 Modeling results for KTP crystal

We used the model described above for the following ex-
perimental parameters. The laser source was a single-mode
linearly polarized laser with a radiation power of 35 W
and a laser beam diameter of 1.5 mm (FWHM). The dis-
tances between the KTP and the QT crystals facets were
approximately 0.5 mm each. The KTP crystal transverse
dimensions were 3.2 x 2.8 mm, the crystal length was
12 mm. We used the following material constants for KTP:
ρcr = 3 · 103 kg/m3, ccr = 730 J/(kg K), κcr = 3 W/(m K),
and for air (at normal conditions):

ρa = 1.29 kg/m3 ca = 1000 J/(kg K), κa = 0.026 W/(m K).

The mathematical modeling resulted in the KTP equivalent
heating temperature ∆Θeq (QT1) = 25 K and thermal res-
onators equivalent heating temperatures ∆Θeq (KTP) = 17 K,

FIG. 13 Temperature distribution along the x-axis calculated for the KTP crystal and

surrounding air for the incident laser power 35 W.

∆Θeq (QT2) = 14 K. The calculated spatial non-uniform tem-
perature distribution is shown in Figure 13.

We also obtained the following KTP crystal parameters from
fitting the experimental data using our model: optical absorp-
tion coefficient α(λ=1.06 µm) = 0.7·10−3 cm−1, heat transfer
coefficient hT = 30 W/(m2 K).

It is clearly seen from Figure 13 that the temperature gradient
inside the crystal is extremely small (less than 0.01 K/mm)
while the temperature gradient in vicinity of the sample crys-
tal external surface is relatively high (6 K/mm). Therefore
the conventional methods of the crystal temperature measure-
ment give inevitably high errors. Temperature measured at
the QT1 and QT2 resonators positions could serve as an ex-
ample of this assertion: the distance uncertainty for the QT1
and QT2 resonators positions with respect to the sample crys-
tal is ≈0.1 mm, while their measured temperature difference
is as high as ≈3 K.

4 CONCLUSIONS

We have demonstrated that nonlinear-optical crystal temper-
ature during laser radiation interaction can be precisely mea-
sured from the crystal piezoelectric resonance frequency shift.
This gives a pathway to better control of frequency conver-
sion in the high-power applications. A novel notion in laser
physics, “the equivalent temperature” of the non-uniformly
heated crystal has been introduced. It gives a possibility for
a substitution of the true thermodynamic crystal tempera-
ture function, which cannot be measured directly and can be
only calculated by making several assumptions, by the exper-
imentally measurable scalar parameter, the equivalent tem-
perature. We have also demonstrated a method for the op-
tical absorption and heat transfer coefficients measurement
for nonlinear-optical crystals. It is based on stationary mea-
surements of the equivalent temperature of the laser heated
nonlinear-optical crystal and the collocated quartz thermal
resonators and fitting of the experimental data to the appro-
priate heating model. The method is applicable to the laser
powers varied by 5-6 orders of magnitude from mW to kW
level.
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