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The superposition eyes of moths and lobsters are described with the geometrical optics for a refractive surface between two media, where
the refractive index of the image space is negative. Consequently, the eye power and the object focal length are negative, whereas the
image focal length is positive. The F-number is also negative, but the sign is irrelevant for calculations of the light sensitivity, because that

depends on F2. [DOI: 10.2971/j€0s.2006.06010]
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1 Introduction

Exner [1, 2] distinguished two ways of imaging by com-
pound eyes, apposition and superposition. Apposition eyes
are utilised by most diurnal insects (bees, butterflies, dragon-
flies) and crustaceans (crabs) [3]-[6]. Superposition eyes are
common among nocturnal insects (moths, beetles) and crus-
taceans (krill, lobsters), although several examples of diur-
nal insects (neuropterans, skippers, diurnal moths) with su-
perposition eyes are known [3, 7, 8]. Compound eyes consist
of ommatidia, which are more or less arranged in a hemi-
sphere. Generally, an ommatidium’s facet lens forms, together
with the associated crystalline cone, the imaging optics that
projects incident light onto the photoreceptors. The light-
sensitive organelles of the photoreceptors, the rhabdomeres,
which contain the visual pigment and the phototransduction
apparatus, constitute the rhabdom. Depending on the qual-
ity of the imaging optics as well as the size and location of
the rhabdom, the photoreceptors of a compound eye receive
incident light from a narrow spatial field [5, 6]. In most appo-
sition eyes, the rhabdomeres of an ommatidium are fused, so
that the rhabdom acts as a single optical waveguide, which re-
ceives light via one single facet lens and crystalline cone. The
rhabdom is then contiguous with the proximal tip of the cone.
In superposition eyes, a rhabdom receives light via numerous
facet lenses and crystalline cones, the number of which de-
pending on the species. The number also depends on the state
of light/dark adaptation, as the light flux is commonly regu-
lated by movable sheets of screening pigments, which block
the light traversing the so-called clear zone in between the
crystalline cones and the rhabdom layer. The large number of
facet lenses contributing to a superposition image creates an
aperture that is much wider than that of a single facet lens,
and this endows superposition eyes with a principal advan-
tage over the apposition eyes: their enhanced light sensitiv-
ity allows vision at low light levels [4, 9]. The differences in
imaging methods between apposition and superposition eyes
are reflected in the different constructions of the optical ele-
ments. The material of facet lens and crystalline cone of both
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eye classes is usually non-uniform, but especially in the so-
called refracting superposition eyes, of many crustaceans, bee-
tles, and moths, a major refractive index gradient perpendic-
ular to the axis exists in the cones. This causes a severe redi-
rection of obliquely incident light, similarly as occurs in an
astronomical (or Kepler) telescope [1]-[10], shown in Figure 1.
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FIG. 1 Diagram of an ideal refracting superposition eye. A parallel light beam enters the
eye via several facet lenses and is focused on a single rhabdom owing to the gradient
refractive index in the crystalline cones. c: corneal facet lens; cc: crystalline cone; rh:

rhabdom.

In the second type of superposition eye, the reflecting su-
perposition eyes of decapods, the cones only have a shallow,
longitudinally changing refractive index, but here the reflect-
ing walls of the square-cylindrical cones cause the redirec-
tion of obliquely incident light [3, 6, 11]. In the third type,
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the parabolic superposition eye of some crabs, a lens is com-
bined with a parabolic mirror [4]. Compound eyes have in-
spired technical applications. Artificial apposition eyes mim-
icking bee eyes were recently made by Lee and Szema [12].
The discovery of the optical principles of the reflecting su-
perposition eye stimulated the development of sensitive x-
ray telescopes, for instance using square-channel microchan-
nel plates, nicknamed lobster eye telescopes [13]. Chapman
and Rode [14] presented a geometrical optics treatise of spher-
ically curved, reflective arrays for x-ray applications, elabo-
rating on the optical aberrations of these systems. They no-
ticed that the curved medium has a refractive index of 1.
The aim of the present paper is to present a more general -
and more simple- geometrical optics description of superpo-
sition eyes, so to clarify the special properties of the principal
points and focal distances of superposition eyes, which has so
far been under-illuminated in the literature on superposition
eyes. This study complements a wave-optical analysis, where
it was shown that partial coherence plays an important role in
superposition eye imaging [15].

2 IMAGING
SURFACE

BY A SPHERICAL

The refracting superposition eye, diagrammatically shown in
Figure 1, can be considered as a special case of imaging by a
spherical surface between two media with different refractive
indices. Two classical cases of elementary geometrical optics
theory are a convex and a concave spherical surface, which
form the boundary between object and image space with re-
fractive indices n and n’ (Figures 2a,b).

FIG. 2 Geometrical optics of a spherical surface between two media. F and F’ are the

focal points of object and image space, H and H’ are the principal points, and N and

N’ are the nodal points, and 1 and n’ are the refractive indices. The principal points
coincide with the vertex of the surface. f=FH=N’F’and f’=FN=H’F’ are the object and
image focal lengths. « is the angle of incidence of a light ray, and 8 is the angle of
refraction, or the exit angle. a A convex surface, like that of the cornea of the human
eye, with radius R»o, that separates media with refractive indices o', The focal
lengths are positive: f>0 and f’>o. b A concave surface, with radius R<o, separating
media with oi<nn’. The focal lengths are negative: f<o and f’<o. ¢ A convex surface,
like that of a superposition eye, with radius R»o, between media with n>0 and n'<o.
The object focal length is negative, f<o, and the image focal length is positive, f’>o.
The angles of incidence and refraction have here opposite signs, in contrast with cases
a and b, where they have the same sign. d A superposition eye where the tip of a
rhabdom is positioned in the image focal point F’ (see case c). The geometrical ac-
ceptance angle of the rhabdom, Ap,, is determined by the rhabdom diameter. With
nodal points coinciding with the eye’s centre of curvature, Ap, is smaller than A¢,
the interommatidial angle. The figures are drawn with n=1 in a-c, n’=1.5 in a and b,

and n’=-1.5in c.

Both object and image space of an axial geometrical optics sys-
tem are characterised by three cardinal points: the focal points
F and F’, the principal points H and H’, and the nodal points
N and N’ [16]-[18]. The optical system is characterised by its
power, P = n/f = n'/f', where f and f’are the focal lengths
of object and image space, with f=FH= N'F’ and f'=FN=H'F".
For a spherical refracting surface between two media, object
and image principal points coincide with the surface vertex,
and object and image nodal points coincide with the centre of
curvature of the surface (Figure 2).

The power of a spherical, refracting surface, with radius of
curvature R, between two media with refractive indices n and
n'is P = (n’ —n)/R. In a normal optical system, the refrac-
tive indices n and n’ > 1, and thus for a convex spherical
surface (R > 0) between two media with n < #/, it follows
that P = (n’ —n)/R > 0, and then both object and image fo-
cal lengths are positive, f > 0 and f’ > 0 (Figure 2a). For a
concave surface (R < 0) with n < #’, the power P < 0, and
then both f < 0 and f’ < 0 (Figure 2b).

3 ANGULAR MAGNIFICATION
AND NEGATIVE REFRACTIVE
INDEX OF SUPERPOSITION
EYES

The dioptrics of a single ommatidium of a refractive super-
position eye acts as an astronomical telescope [1, 2]. This in-
strument consists of two confocal lenses, with positive focal
lengths f; and f,. An incident parallel beam leaves it also as
a parallel beam, but a positive angle of incidence « results in
a negative exit angle B (Figure 2c), which are related to each
other by tan B/tan a=-m, where m = fo/f; >0 [19]. In the
paraxial, small-angle approximation this becomes f/x=-m, or,
the angular magnification is negative. The paraxial form of
Snell’s law for a boundary between two media with refractive
indices n and n’ is B/a=n/n’ (Figures 2a,b), and thus the as-
sembly of corneal facet lenses and attached cones of a refract-
ing superposition eye can be conceived as a convex, spher-
ical surface separating two media with refractive indices n
and 7/, the ratio of which equals n/n'=-m. In other words,
whereas the refractive index of the object medium of superpo-
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sition eyes is positive (n > 0), the refractive index of the im-
age medium is negative, n’ = —n/m < 0. (For the reflecting
superposition eye of lobsters, the refractive index value is -1
[14].) In his analysis of the refracting superposition eye of the
firefly beetle, Lampyris, Exner [1, 2] already noticed the similar-
ity of the expression for the angular magnification f/a=m with
the paraxial form of Snell’s law, B/a=n/n’, but he neglected the
negative sign.

The implicit assumption of the geometrical optics treatment
given above is that all parallel incident light rays converge
on the image focal point. A spherical refractive surface of a
medium with a constant refractive index, or, a constant angu-
lar magnification, suffers from spherical aberration, however.
To let all rays hit one and the same focal point at a distance r
from the eye’s centre of curvature (Figure 3), the angular mag-
nification must slightly vary with the angle of incidence «, ac-
cording to m(a)=(1/a)arctan[2a/(a®+2w/r)], with w the clear
zone width [15].

FIG. 3 Diagram of an ideal superposition eye, where a parallel incident beam is fo-
cused at the light receiving rhabdom. R is the radius of curvature of the eye. w is the
width of the clear zone, and r=-f is the distance between the image focal plane of the
superposition eye and the centre of curvature of the eye. « is the angle of incidence,
and B is the exit angle. a4y is the maximum angle of incidence of a light ray that
contributes to the superposition image, and B4y is the corresponding maximum exit

angle. D = 2Rsina,,, is the diameter of the superposition aperture.

Experimental data show that for superposition eyes w/r is
between about 0.5 and 1, and then the expression for the
angular magnification appears to be well approximated by
m(w)=1/(w/r + a2).

McIntyre and Caveney [19] measured for the superposition
eyes of three dung beetle species the distance of the surface of
the rhabdom layer to the centre of curvature of the eye (r, Fig-
ure 3 ) and stated this to be approximately equal to the posi-

tive focal distance f, erroneously neglecting the negative sign.
Furthermore they measured the clear zone width, w, and cal-
culated the angular magnification for a number of angles of in-
cidence by ray tracing [19]. The calculated angular magnifica-
tions appear to deviate somewhat from the angular magnifica-
tions calculated with the above formula, using the measured
w and r values (see also [19]). Consequently, the focus will be
imperfect. A distributed focus will result in a broadened vi-
sual field of the photoreceptors, and thus cause a sub-optimal
spatial resolution of the eye. Imperfect imaging is apparently
acceptable for the dung beetles, which are active at low light
levels.

4 OBJECT FOCAL LENGTH AND F-
NUMBER

For a superposition eye with n and R > 0, and n’ < 0, the
power P = (n' —n)/R < 0. Consequently, it follows from
P=mn/f=n'/f that f < 0and f' > 0, that is, whereas the
image focal length is positive, the object focal length is nega-
tive (Figure 2c). The consequence of superposition eye media
behaving as metamaterial with a negative refractive index is
that the object focal length of a superposition eye has a nega-
tive value. This has so far been overlooked. For instance, Land
et al. [20] rightly emphasised that the object focal length of the
superposition eye is the distance out from the eye centre to the
image plane, but they nevertheless took f to be positive, see
also [6, 19]. Furthermore, Land and Nilsson [6] state that clas-
sical superposition eyes have a single nodal point located at
the eye’s centre of curvature, which is only correct when it is
read to mean that there is a single point where the two nodal
points coincide, see also [21].

The focal length is an important parameter determining the
acceptance angle of visual photoreceptors. The acceptance an-
gle, Ap, is for apposition eyes approximately equal to Ap, =
D,/ f, where D, is the diameter of the receptor when its light
receiving end coincides with the focal plane of the facet lens
[18]. A similar expression holds for superposition eyes, but
here f has to be replaced by —f (see Figure 2d). The spatial
resolution of superposition eyes is given by the interreceptor
angle, which in general corresponds to the interommatidial
angle A¢ = D;/R, where Dj is the facet lens diameter and
R the eye radius (Figure 2d, [3]-[7]). The extraordinary hum-
mingbird hawkmoth has a refracting superposition eye with
locally more rhabdoms than facets, however, and thus spatial
sampling occurs at angles smaller than A¢ [21].

The focal length features also prominently in expressions for
the brightness of optical systems, or in the light sensitivity of
eyes, because the light flux density is proportional to (D / f)?,
where D is the diameter of the eye’s entrance pupil (Figure 3).
D/ f is called the relative aperture and its inverse, F = f/D, is
the F-number, a value frequently used in the visual literature.
Imaging systems have usually a positive focal length, yield-
ing a positive F-number, and presumably positive F-numbers
have therefore been calculated for superposition eyes. How-
ever, the F-number values F = 1.2, 0.8, and 0.6 determined for
the dung beetles O. westermanni, O. alexis and O. aygulus [19]
have to be F =-1.2,-0.8, and -0.6. The F-number of superpo-
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sition eyes is extraordinarily small (that is, its absolute value),
which causes the high sensitivity of these eyes. The sensitiv-
ity increases when the distance of the rhabdom surface layer
to the centre of curvature of the eye, r, decreases (Figure 3 ,
[8]). This means an increase of the aperture size D (Figure 3),
because experiments show that the maximal exit angle of re-
fractive superposition eyes, By (Figure 3), is approximately
constant (25-307, [19]). However, a decrease in r means an in-
crease in the clear zone width, w, which means an increase in
idle image space, and an animal will only pay this prize when
sensitivity is at a premium. Therefore, only nocturnal animals
will employ superposition eyes with a small F-number, whilst
diurnal animals will increase the (absolute values of the) F-
number so to minimise the clear zone width, as is the case in
day-active moths [22].
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